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Quantumeffectsareconsideredin thedynamicsof a systemof N paramagneticatomsin aresonantcavity interactingwith a
constantmagneticfield andwith a resonantexternalmagneticfield. In thesemi-classicallimit (classicalradiation field in the
cavity) thisresonantlydrivensystemshowsdeveloped(global) chaos.Expectation-valuedynamicsshowshoweverthatquantum
correctionscausea departurefrom thesemi-classicalchaoticdynamicson a time-scalez~In Nandthat quantumcorrelation
functionsgrow exponentiallyin time. Thepossibilityof experimentallyobservingthis effectis discussed.

1. Introduction qualitativedeparturefrom its correspondingclassi-
calchaoticmotion.Wecall time~ at which thishap-

A fundamentalproblem in quantum chaos of pensthe classical/quantumcrossovertime scalefor
Hamiltonian systemsis to determinehow signifi- thesystem.
cantlyquantumeffectscauseasystem’sdynamicsto Experimentscarried out recently with Rydberg
departfrom its correspondingclassicalchaoticmo- statesof hydrogenatomsin microwavefields inves-
tion, starting from the sameinitial conditionsand tigate processessuchaselectrondiffusion up to the
forparametervaluesin thequasiclassicalregion.This ionisation threshold [11—13]. However, even for
problemis fundamentalin quantummechanics[11 initial populationsof electronspreparedwith fairly
but, for quantumnonintegrablesystems,the meth- large principal quantumnumber, n 50—100, such
odsneededto dealwith it are still beingdeveloped, systemscannotbe consideredquasiclassicalenough
Investigationsof thisproblemhavebeencarriedout to observe the classical/quantumcrossovertime
during thelastfewyearson rathersimplemodels[2— scale,;; sincein this casethetimescalet~istoo small
101 with one-and-a-halfdegreesof freedom.These for currentexperimentaltechniquesto measure.On
investigationshaveshown that when “developed” theotherhand,mostsystemsinwhich classicalnon-
dynamicalchaosappearsin the classicallimit the dissipativechaosmay be observedare so macro-
quasiclassicalapproximation is violated in loga- scopicthat their time scale; exceedsall character-
rithmically small times, rh ln K (wherec= const/h istic relaxationtimes. Consequently,the classical/
is the quasiclassicalparameter).Thismeansthatfor quantumcrossovertimeat whichthetransitionfrom
early times (r< th) quantumdynamicsonly differs classicalnondissipativechaoticmotion to quantum
slightly from its correspondingclassicalmotion,but dynamicsoccurs cannotbe observedin thesesys-
at later times (r> r~)quantumeffectsbecomesig- temseither. This problem is relatedto the general
nificant. So, at timesof orderr~the characterof the problem of validity of quantummechanicsfor the
dynamicsof the quantumsystembegins making a descriptionofbig “classical”systems.It isknownthat
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usuallythetime r* whenquantumcorrectionsfinally w,, I~I.Thisconditionmeansthatin slowdy-
mustbetakeninto accountto describethe dynamics namicsthe different nonlinearresonancesstrongly
of a big “classical” systemsignificantlyexceedsany interact.We take into accountquantumeffectsby
relaxationtimesfor thesystem,andsometimeseven treatingthe eigenmodeof the resonatoras a quan-
exceedsthe ageofthe universe.Thus,betweenthese tumlinearoscillator.In this quantumsystem,theac-
two extremesthe problemarises,to identify systems tion of the self-consistentfield (eigenmode)is big:
for which thetransitionfrom classicalHamiltonian ‘field hN>> h andthe systemis in the“deep” quasi-
chaosto essentiallyquantumdynamicsmaybe ex- classicalregion.
perimentallyobserved. The main result of the paperis the following: for

In this paperwe considera systemwhoseclassi- this spinsystemin the parameterregionwherede-
cal/quantumtransitionmay turn out to be experi- velopedchaosoccursin the semi-classicalapproxi-
mentallyobservable.The systemconsistsof N para- mation,quantumeffectsleadto violationofthesemi-
magneticspins (s= ~) placed in a resonatorwith classical description on the time scale r~ lnN.
largequality factor, Q. Thesespins interactwith an Moreover, in this case quantumcorrelation func-
externalspatiallyhomogeneousmagneticfield, B0. tions growexponentiallyduring the time before;,
Weassumethereisno directinteractionbetweenthe at a ratethat maybeexperimentallymeasurable.The
spins. Their interaction is solely through a single paperis organizedasfollows. Section2 describesthe
electromagneticeigenmodeof the resonator,andthis paramagneticspin model. In section 3 the Hamil-
mode is chosento be in resonancewith the fre- tonian for the slow dynamicsof the spin model is
quencyw=gp~B0/hof spin precessionin the exter- derived.Section4 presentsan exactc-numberequa-
nal magneticfield B0. In thispartof theproblemfor- tion for the slow dynamicsof quantumexpectation
mulation, our systemis analogousto the quantum values in a coherent-staterepresentationof this
Dickemodel [14—16],well known in nonlinearop- model. Section 5 discussesthe semi-classicalap-
tics, which describescooperativeeffects in an en- proximationandgivessomenewresultsonthesemi-
sembleof N two-level atomsin a single-modereso- classicalchaosshownby this model system.Section
nant cavity. We then add to our spin systema 6 showsnumericalsimulationsoftheeffectsofquan-
periodicallymodulatedmagneticfield, perpendicu- turn correctionson semi-classicalchaoticdynamics
lar to B0, with spatiallyuniform amplitudeb0 and in this model systemobtainedusingthe c-number
with modulationfrequencyQ slightly differentfrom equationpresentedin section4. In the conclusion,
theeigenmodefrequency(orthe spinprecessionfre- we discussthe experimentalmeasurabilityof these
quencyw). This field actson the spinsas a nearly- effects.
resonantperiodicexternalforce.We showthat three
characteristicfrequenciesappearin theslowdynam-
ics of this system: (1) the cooperativeDicke fre- 2. Descriptionof the paramagneticspin model
quencyw,, which describesslow self-consistenten-
ergyexchangebetweenthe spinsandthe resonator We considerfixed in a material sampleN para-
eigenmode;(2) theRabifrequency~

0R which is pro- magneticatoms,eachwith spin one-half,placedin
portional to the amplitude b

0 of the externalmag- a cavity resonatorand interactingself-consistently
netic field anddescribesslow nutationof an mdi- via a singleresonatoreigenmode.Thesespinsalso
vidual spinin resonancewith theperiodicallyvarying interactwith an externallyimposed,homogeneous,
external magnetic field; and (3) the difference magneticfield with two orthogonalcomponents,B0
A= w— Q betweenthe frequencyof spin precession andb (t). Thefirst of these,B0, is constantandhas
in themagneticfield B0 andthe frequencyof thecx- its spin precessionfrequencytunedto the frequency
ternalcoherentmagneticfield. In the semi-classical of theresonatoreigenmode.Theotherhomogeneous
approximation(whenthe radiationfield in the res- externalmagneticfield component,b(t), is modu-
onatoris consideredasa classicalsub-system)this lated periodically in time, with modulation fre-
system shows “developed” (global) chaosunder quencyslightly detunedfrom that of the resonator
conditionsthatmaybeexpressedroughlyasfollows: eigenmode(seefig. 1).
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I fio with tangential boundary conditions E~X n = 0(wheren is a normal vector to the resonatorsur-
Z // bocos~1t) face). The magneticfield B~(r)also satisfieseqs.

I b—. . (2.1)butwith normalboundaryconditions,B~n= 0.
_____________________________ Theeigenfrequenciesdependontheshapeoftheres-
,.~. ~ — cz ~ onator,andfor a rectangularparallelepipedwith sides

S ~ ~/ L~,L~,L~,onehas

________ 2

I ~ =k~+k~+k~, (2.2)

‘V where/ I 11 \cJ/0 1

Fig. 1. Rectangularresonatorwith linear dimensionsL~,,L~,L~ ~ = ~ ~
and a paramagneticsamplewith dimensionsl~<L~,~ and~ 1
l~=L~.A constantmagneticfield B

0is directedalongthez axis; a For quantumconsiderationsthe electromagnetic
periodicmagneticfield b0cos(Qr)is linearlypolarizedalongthe
x axis.The curvesshow thedistributionof magneticfield in a field in the resonatormayberepresentedin the well-
chosenresonatoreigenmode(this field is homogeneousin thez known form
direction).

E(r,t)= >.pk(t)Ek(r)
*

We assumewe can excitein the cavity resonator
a single eigenmode,characterizedby its eigenfre- B(r, t)= — ~ w~t~~(t)B~(r), (2.3)
quencyw= 2irfandby thegeometryof its electricand *

magneticfield lines.Thus,the amplitudesofall other where~( t) and ~ ( t) are impulse andcoordinate
modesaretakento benegligiblysmallincomparison operators,with commutationrelations ~ p~~]=

with the amplitude of the excitedmode. The fre- ifzô~~,.The operators~ and ft~are expressiblein
quencyof magneticresonanceis determinedby the termsofcreationandannihilationoperatorsa+ and
constantexternal magnetic field, B0, and may be a, as
tunedto matchthe frequencyof the excitedeigen- 1/2

mode.For example,in electronparamagneticreso- q~=(~—“~(~*~+ ~*),
nance (PMR) assumingB0 = 1 kOe andg= 2 gives (0*1

gfL~B0 30Hz. pk=i(lhwk)”(ak —~*), (2.4)

2ith
with commutator[a*,á~,] = ö~,.Hence,we arrive

The amplitude of the time-periodicexternalmag- at the standardformula for the Hamiltonianof an
netic field, b( t), may be varied overa wide range: electromagneticfield in a resonator,
typical valuesareb0 0.0l~102 Oe. A typical cavity
qualityfactor is Q—~10~,or evenhigher [17]. (Here R0 = —~— I (B

2+E2) dV
8x J

Q = w/2y andy is the dampingcoefficientof ourei-
genmode.)The dynamicsmay be takento be non- = ~ ~w~(a~-a~+1)- (2.5)
dissipativeovertimes t lessthanorder 1 0~/w.The k

feasibility of makingexperimentalmeasurementsof Theinteractionof Nspinsin a sampleplacedin this
effectsconnectedwithtimescale; lessthanthiswill resonatorwith a magneticfield is governedby the
be discussedbelow. Hamiltonian

The eigenmodesE~(r)in the ideal cavity reso-
Nnatoraredescribedby the Helmholtz equation, ‘~ ~ [B( r

0, t) + Bex 1’ ~ $,. (2.6)

V’Ek=O, (2.1) In (2.6) Bex is an externalmagneticfield that is as-
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sumedtobehomogeneousoverthesample’ssizeand
coulddependon time;S~arespinoperators;N is the b( I) = b0 cos(Qt) . (2.11)
numberof spinsin theexample.Wehavesubstituted Thus,b0 andQdenotethe amplitudeandfrequency
B(r0, t) for B(r, 1) in (2.6), with of thetime-periodiccomponentof thehomogeneous

B(r0, t) = — ~ ~ +a~), (2.7) externalmagneticfield. Wealso assumethat thefol-
* lowing frequencyconditionsare satisfied,

sincethesizeofthe samplebeingplacedinto theres- y< I w— Q I ~ w, Q. (2.12)

onatornearlocationr ~ r0 is supposedtobe small in
We shall discussexperimental parameterscone-comparisonwith thecharacteristicinhomogeneityof

the chosenresonatoreigenmode.Themagneticfield spondingto this conditionin the conclusion.
Now writing (2.5) and(2.6) with only onemode

in sucha samplemaybe regardedas homogeneous.
In whatfollows, we shalllimit ourselvestothesingle- (2.8) yields the following Hamiltonian for our
modeapproximationandconsiderthe following ei- system,
genmodeof theresonator, N

____ R=hwaa+gu~Bo~
E2(x,y)=~Jl6x/Vsin(k~x)sin(k~y),

_

~N

E~=E~=0, ~~/s~ck~ ~ (~7+~-)(a~+â)
(0 j=1

B~(x,y)=— ~ cos(k~y), N

+~gjt~b0cos(Qt)~ (~7+~S~1). (2.13)

B~(x,y)=~~/l6x/Vcos(k~x) sin(k~y),
w Below,we show that the strengthof interactionbe-

tweenthe spins and the resonatormode is deter-(2.8)
minedby the real-valuedcouplingconstant

where

~ = ~ V=L~L~L~, A0= ~2Ec2k~2I~g2N (2.14)hw
3V -

w2=c2(k~+k~). (2.9)
Thequantumeffectsin which weare interestedde-

The normalizationof the modeis chosenas pendsignificantly on the numberof spins,N. Thus,
it is convenientto introduceexperimentallycon-JE~d V= JB2 d V=~ trollable parametersthat allow us to varythe num-

berof spins,N, at a fixed valueof the coupling,A
0.According to (2.8) the electromagneticfield is ho-

Forthis purpose,we choosethelineardimensionsof
mogeneousalongthe zaxis. Thus, it is sufficient to

the sampleto satisfy
assumethat the dimensionsof the samplealongthe
x andyaxesare small, ~ <<L~, l~=L~. (2.15)

1,. <<Lx, 1,, <<Li,. (2.10) In this case,the field B~(x,y) in (2.8) maybecon-
sideredashomogeneousoverthe size ofthe sample.For example,we could satisfy theseconditionsby
The numberof spins in the sample is: N=p01.,,/~1~

placing our sample in the resonatornearx=
y= 0. This correspondsto puttingthe sampleat the (wherePo isthe densityof spins);sotheconstantA0

doesnot dependon L2, sinceby (2.14)locationofthemaximumof themagneticfield, where
it is polarizedalongthex axis (seefig. 1). Next,we ~

(2.16)
assumethatthespatiallyhomogeneousmagneticfield A0= \J hw

3L~L~ -
Bex in (2.6) includesa constantcomponent,B

0, di-
rectedalong the z axis, as well as a time-periodic At thesametime, N is proportionaltoL~,soNmay
component,directedalong the x axisandgivenby be variedat constantA0. Estimatesof theseparam-
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eterswill bediscussedin the conclusion, systemto be separatedinto slow and fast motion.
Whenthe conditionA0 i 1 is satisfied,onemayne-
glect the fast terms in the Hamiltonian

3. Slow dynamicsandtime-independent (-~ exp( ±2iwt)) andusethe rotatingwaveapprox-
Hamiltonian imation (RWA). So, in this case we have: w~/

w-~A0<<1. The slow frequencyw~introducedin
In this sectionwe simplify Hamiltonian (2.13). (3.5) plays here the role of a “cooperative fre-

For this, we use the interaction representation quency”,that characterisesthe timescaleforenergy

= exp(iR0t/h)W with HamiltonianoperatorR0 exchangebetweenparamagneticatomsandthe self-
givenby consistentfield in the resonator.

Thecanonicalchangeof variables
N

R0=~~wa~a+gp~B0~ (3.1) =e~5~, ~ e=e~’~A, (3.6)
j= 1

andintroduce“collective operators” makesthe Hamiltoniantime-independent(cf. eq.
(3.4)),

A=a/~[N, ~

1 N~ç±.z .....>~~±.z - (3.2) ~ (3.7)

Thesecollective operatorssatisfy the following re- The equationsresultingfrom this Hamiltonianpos-
normalizedcommutationrelations, sessin generalonly two integralsof motion: II in

(3.7) and~2, givenby

[A,A~]=~, [~±~Z]+I~±

— N ~ - (3.8)

[~ + ~ _] = ~.~Z However,when,~.= 0, a thirdintegralofmotionexists,
(3.9)

where5~±= ~ ±i~’.In the interaction representa- andthe problembecomescompletelyintegrable.
tion, using (2.13) leadsto the following Hamilto- In fact, theproblemformulatedso far is identical
nianfor the slowdynamicsof the system(dropping to the well-known quantumDicke model (QDM)
nonresonantterms), (see,for example,reviews [16,171 and references

~ ( r) = N[ (~5~+ +A ~~—) therein).QDM is a completelyintegrablesystem,and
morethantwentyyearsagonumericalresultsfor this

+A(e’-~~+C ~‘~~)] ‘ model wereobtained[15] thatforeshadowhow the

time scalerh— ln Nfor violationof thesemi-classical
—P (r)~~1(~r). (3.4) approximationarises in the system governedby
— In’

Hamiltonian (3.4).
In (3.4) a slow dimensionlesstime, r=wet, anda Theauthorsof ref. [15] numericallycomputethe
dimensionlessconstantof interaction of paramag- quantumdynamicsandcorrespondingclassicalmo-
netic atomswith the externalfield havebeenintro- tion in QDM, starting from an initial “super ra-
duced,where diant” state,and from an initially completely in-

g~u~bo verted state (CIS). For CIS, they find that the
= 4hwA0’ w~= wA0, J= (Q—w) /w~. (3.5) quantumslowdynamicsandits correspondingclas-

sicallimit first begintodiffer ona timescale; — lnN.
The wave function ~ ( r) describesthe slow dy- Theconclusionin thepresentpaperis thefollowing:
namicsof our systemin the interactionrepresenta- if in the semi-classicalapproximation,thereexists
tion. In deriving Hamiltonian (3.4) we have as- developedchaos (global instability over most of
sumedthatA0~< 1, which allowsthe dynamicsof the phasespace),thenthetimescale; — In N will bethe
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characteristictime, after which significant differ- where the differential operatori’ separatesaddi-
encesmay arisebetweenthe classicalandquantum tively into its classicalandquantumcontributions,
dynamics.Roughlyspeaking,one can say that the as
logarithmappearsin rh becauseof local exponential
instability of classicaltrajectoriesin phasespace,and j~=i~+ ~ i~, (4.8)
N appearsbecauseN is the only “quantum”param-
eter appearingin Hamiltonian (3.4) and commu- with
tation relations(3.3).

jc~[ j*~_~J~ zr~—~-+~-~-
cI_i[ Z ô2~ Z

8— ~

4. Exactc-numberequationsfor quantum 2J 1 ( * 8 8
expectationvalues +Nl+I~I2~ 3z*~

53~

In thissection,weusea methodsuggestedin refs. ±. —z-~-)+(z.~~ ~ _~)
[18—20] for deriving closedc-numberPDEs that
governthedynamicsof quantumexpectationvalues a a a a
in bosonandspin coherentstates[21] at r=0, +2(~ — ~ ~ ~*2~)], (4.9)

Iz>=exp(NzA+_Nz*A)I0>, (4.1) and

where 82 82

AIz>=zlz>, (4.2) ~_j(~2~~*2) (4.10)

andthe averagenumberof photonsin theresonator Thesemi-classicalapproximationcorrespondsto the
mode at r 0 is following limit,

n(0)~<zIâ~âIz>=N<zIA~AIz> N—Vcc, J-+oo, i=2J/N—oconst. (4.11)

=N1z12. (4.3)

Wealso introducespin coherentstates[22] at r=0,

I~>=(l+I~I2)_Jexp(~j+)IJ,—J> (44) 5. Classicallimit

where In theclassicallimit wehavefrom (4.7) and(4.8)

N forf(t)
8

j~1 .L1=iS’if(r) (5.1)

J2IJ,M>=J(J+l)IJ,M> (M=—J,...,J), Or
Sincethe operatori~in (4.9) involves only first-

J=0 ~ ... ~N IzI,I~~Ie[0cc). (4.5) --

order derivatives,the classicalsolutionmay be ob-
Now, the time-dependentexpectationvalueat time tamedby the method of characteristics.Using the
r ofan arbitraryHeisenbergoperatorf(r) is givenby explicit form of the operator.l~ in (4.9) leadsto

f( r)= <~,z1(r) I z,~) , (4.6) characteristicequations,

where Iz, ~>= z> II~>.Using the methoddiscussed =iAz—i 2’ ~=

in refs. [18,19] (seealso ref. [20]) gives the fol-
lowing equationfor expectationvaluef(r) in (4.6), ~ = ~ ~ — iA+ j~2 (5.2)

dr
=i~f(r), f(0)=f(z, z*; ~ ~*), (4.7) The solutions of eqs. (5.2) determinethe time-
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dependenceof any semi-classical function, for with canonicallyconjugatedpairs (x, y) and(q, p),
example andrescaledtime r’ = 2r.

~ ( r) As we alreadymentioned,the caseA = 0 is corn-

S÷(r)= 1 + I ~(r) I2~ pletelyintegrable,andthethird integralhastheform

a( 1—I~(r)12) W= <a’> =x
2+y2—q2—p2. (5.6)

Sz(r)=_ 2(1+ l~(r)I2) A(r)=z(r) . (5.3) Curve (a) in fig. 2 correspondsto the separatrix
- . . - (E=0, W=0), given on the plane(x, y) as

Figure 2 showsthe Poincarémapof a semi-classical
trajectoryobtainedfrom (5.2) anddisplayedon the X2 +y2= a, y~0 (A= 0)

planex=Re(z),y=Im(z) at themomentswhenthe ~ ~— ‘~ í’~j ~_o (5 7)
trajectorycrossestheplaneRe~(r) = 0. Wenotealso ‘V ‘V —

that the semi-classicaldynamicscanbedescribedby Curves(b) and (c) in fig. 2 correspondto the in-
theHamiltonian tegrablecase,but with W~&0. Curves (d), (e), (f)
H ....J( 2+ 2 x2 — 2 ~ show the transitionto developed(global) chaos,as

ci — q ~ / thedimensionlesscouplingconstantA increases.Our

+2(0— q2—p2) “2(xq—yp+Aq) numericalcalculationsshow that a qualitative cri-

—E ~ terionfor developedsemi-classicalchaosto occurin— / the systemmaybe expressedas

where the following canonicalvariablesare intro- A ~ 8
duced(with a=2J/N=const), — —1, (5. )

~ I I or, in dimensionalform,z=x+iy, ~ 2 =q+ip, (5.5)
~/l+I~I WC—WR—IAI,

where ac= wA
0 is the cooperative frequency;

1 ~‘ ~ ~ =gp~b0/2his the Rabi frequencyandA = Q— w~ is the detuning.

o ~-.-.--—---~ >. 0 i~—-~-’-” The semi-classicalversionof model (3.4) is stud-

.~ . - - ied in refs. [23—25],in connectionwith a problem
I I I in nonlinearopticsthat is mathematicallyidentical
i 0 1 1 0 1 totheproblemconsideredin thispaper.In ref. [23]

global semi-classicalchaosfor thisproblemis inves-
1 b 1 -~ tigatednumerically In ref [24 25] exactresultsare

1 derivedfor the caseofweak (homoclrnic)chaosfor
>. 0 —.-____—-———~— >. 0 ~ . . . . -

A<< 1 in the semiclassicalcase Figure3 showstime
-1 ‘. I I seriesfor thecaseof developedsemi-classicalchaos.

-1 0 1 -1 0 1 Thesenumericalcalculationsshow that the dynam-
X X ics in this case is locally unstable.Thus, one could

1 ~‘ ~-~~--- ~ expect considerableinfluence of quantumcorrec-~~ tionson this semi-classicaldynamics.Weturn tothis
~ 0 >‘ issuein the next section.

-1 ~ ~

-1 0 1 -1 0 1
IC X 6. The influence of quantumcorrectionson chaotic

Fig.2. The Poincar6mapofa semi-classicaltrajectoryon the plane semi-classicalmotion
(x,y) (a=1,3=1). Integrablecases(A=0): (a) separatrixwith
E=0, W=0; (b) E=0, W=0.1; (c) E=0, W=0.4.Nonintegra.
blecases()~&0):(d)).=l0

3,E=0; (e)2=0.1,E=0;(f))~=2, The quantumcorrelation function for two arbi-
E=0. trary operatorsf(r) andfr(r) is definedto be
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a Using the correlation functions (6.1) andthe Hei-

___________________________________ senbergequationsfor the operators:ê~, ~,
7~Z, ~

.6

expectationvalues,namely,

__ 2i
~ [~j~IIliII~laliIIllIl~ — gives a set of exactc-numberequationsfor theirè=iAc—ir~, =+2i~+2i~c+ _NP~~,c,

-.6

0 10 30 40 + ~ (P,+0_ —c.c.) . (6.4)

1’ In (6.4) c
4, c, ,~,~ ,~ arec-numberfunctionsde-

b finedaccordingto (6.3).Equations(6.2) and(6.4)
form a closedsetof c-numberequationswhich de-
scribesthe quantumdynamicsofexpectationvalues
andquantumcorrelationfunctions.

It was already mentionedabove that the only
quantumparameterappearingin our systemis E=

1/N. Thephysicalmeaningofthis parameterisrather
simple. SinceHamiltonian (3.4) (or (3.7)) is ex-
pressedin collectivevariables,the characteristicac-

_____________________________ tion in the system,I, is proportionalto the number
o io 20 30 40 of atomsN andthequasiclassicalparameteris of the

order c= I/h — N. In this connection,we note that7.
theproblemconsideredhereis directly relatedtothe

Fig.3. Chaoticdynamicsin thesemi-classicalapproximation:(a) well known 1/Nexpansion(see,for example,review
time-dependence SC(T); (b) time-dependence Re[z(T)
xexp(—iArfl; 3=1, a=l, .~=2, z(0)~i(O.65;—0.34), [26]).
I~(0)~(0; —1.75). It is clear from (6.1) that quantumcorrelations

may be significantfor small enoughN. Herewe are
mainly interestedin the casethatN is largeenough

<~,z~f(r),~(r)Iz,~> thatonemay expect (at leastfor finite times r<-rh)
semi-classicalchaoticdynamicsto appear. In this

— <~,z~f(r)I z, ~><~zI~(r)I z, ~>. (6.1) case,numericalinvestigationofeqs.(6.2) and(6.4)
may be accomplishedby using a rather simple

To derivethe quantumcorrelationfunctiondynam- scheme,connectedwith the 1/N expansion.Not un-
ics for Pj,g(r), we note that all threetermsin (6.1) expectedly,this method usually leads to secular
satisfy eq. (4.7). Takingthis into accountgives an growthconnectedwith the presenceof smallparam-
exact equationfor P

1g(r), eters multiplying the highest-derivativeterms in
/ Of Og Og Of \ (6.2). We study numericallythe seculareffect of

~ p1,~— ~ ~ + ~ thesequantumcorrectionson the semi-classicalso-
ot

lution over finite times. The accuracyof this ap-

Og 8
~8z ~ + ~ + ~ ~ (6.2) proachcanbe checkedby verifying conservationofthe quantumintegralsof motion, <0>, <p>, and

<a’>, whenA = 0. In this approach,the first stepin
wherethe operatorsi~j~and i~are given in (4.9)

constructinga solutionfor N~ 1 consistsof neglect-
and (4.10),andwe denote

ing in (6.4) all quantumcorrelationsandconstruct-
fas <~,zIf(r) Iz, ~> , g~<ç~,zlj(r) Iz, ~>. (6.3) inga semi-classicalsolution (asin section5). Then,
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substitutingthis solution insteadof functionsf and quantum vector function D( r) = (c(r), ~+ (r),
g into (6.2) andneglectingthelasttermallowsus to ~( r),) anditssemi-classicalanalogD~

1(r) arefound.
calculate approximatequantum correlation func- Then, we calculatethe function
tions, P1.g(T). The last stepin constructingan ap- ,~ r ~ ~ + +‘ ~ + zi ‘, i—i

proximatequantumsolution consistsof calculating — L I c~r, I lci ‘5t.’ I ~i0i~ti i

quantumexpectationvaluesin (6.4),taking into ac- x Ic(r)—c~1(r)I + If~(r)—~(r) I
countquantumcorrelationfunctions.Numericalre- + ~ .~ ~ 6 5
sultsobtainedusingthisschemearepresentedin figs. ~ — ‘icC’. TI

4—7. In fig. 4 the characteristicdependenceof the which describes the relative difference between
time scale; for departurefrom the semi-classical quantumandsemi-classicalsolutions.The timescale
solution becauseof quantumcorrelationsis shown Th (N) is obtainedby settingô(;) = const= lO_2,

as a function of ln N for severalparametervalues, with ö(0)=0. Thenumberof atomsN is variedac-
(This dependenceof ;(N) is given in fig. 4 under cordingto the law: N=2” (n=2, ..., 30). So, Nm~,
the conditionof developedchaosin the semi-clas- hasthevalueNm~,,— 1 0~.Figure 6 showsthe depen-
sicalapproximation.)In fig. 5 theanalogousbehav- denceof r5 on N for regulardynamicsin the semi-
ior of rh is shownasa functionof N. Theresultspre- classicalapproximationcalculatedaccordingto the
sentedin figs. 4 and 5 show that in the caseof “1% criterion” for 2=0.1,E=0, W(0)=0.3, 0=1,
developedchaotic dynamics in the semi-classical J= 1. Finally, fig. 7 showsnumericalresultsfor the
limit thedependence;(N) is logarithmic.In the last time-dependence of the quantum correlation
case,the time scalerh is found by numericalexper- function,
imentfollowingref. [20],byusingtheso-called”1% ~ ~— + ~

criterion”.Namely,a quantumsolutionis calculated k~/ — c~.ck~/ SC,cI.T

accordingto the 1/Nschemeexplainedaboveanda + IP,+,s_(r)I . (6.6)

a b

Ln(N) Ln(N)

___ ~o~i ~

Ln(N) Ln(N)

Fig. 4. Dependence;(N) on lnNfor developedchaoticdynamicsin thesemi-classicalapproximationcalculatedaccordingto the“1%
criterion”;A=l, a=l; (a)E=0,)~=0.2,W(0)=0.3; (b) E=0,).=0.3, W(0)=0.3; (c) E=0, 2=0.5, W(0)=0.3; (d) E=0.1,2=0.5,
W(0)=0. 1.
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Fig. 5. Dependencer
5(N) for developed chaotic dynamics in the 200

semi-classicalapproximation;E=0, W(0)=0.3,a=1, 3=1; (1)
2=0.1; (2) 2=0.2; (3) 2=0.3; (4) 2=2 (“1% criterion” was
used). 100 -

C I
0 10 20 30 40 50 50

40 _~,.—

Fig. 7. Time-dependenceof quantumcorrelationfunctionP(r);

- - (a) thecaseof developedchaosin thesemi-classicallimit: 3= I,
a=1,2=1;(b) thecaseofregularsemi-classicaldynamics:3=3,

1, 2= 1.
~20- -

thesameform also appearsfor otherquantumcor-
10 - - relation functions.

0 I
0 500 1000 1500

Fig. 6. Dependencer5(N) for regulardynamicsin thesemi-clas- 7. Conclusion
sicalapproximationcalculatedaccordingto the“1% criterion”;
2=0.1,E=0, W(0)=0.3,~,= 1, 3=1. .

Matenalswith strongconcentrationsof free rad-
icalsmaybesuitableforexperimentalobservationof
thequantumeffectswediscusshere,arisingin tran-

ThefunctionP( r) is shown in fig. 7afor the caseof sition from nondissipativesemiclassicaldynamics
developedsemi-classicalchaos,andin fig. 7b for the [27—29]. In the solid state, thesematerialshave
caseof regularsemi-classicaldynamics.As onecan ratherthin PMR lines, andthevalueof theg-factor
see from fig. 7, whenthe semi-classicalapproxima- is close to 2. One of the best known of such materials
tion exhibitsdevelopedchaos,the quantumcone- haschemicalcomposition:a,a-diphenyl-B-picrylhy-
lation function P(r) growsexponentially.Whenthe drazyl (DPPH).Thismaterialis usedasa standard
semi-classical dynamics is regular,the quantumcor- for PMR andhasahalf-width at half-height~B— 1
relation function P(r) grows significantly slower, Oe. The valueAB dependsweakly on temperature,
roughlyas an algebraicpowerlaw. Of course,in the andon the frequencyat which the measurementis
semi-classicalapproximationp(~~)(r) remainszero. made.Forexample,if weuseasa solventfromwhich
The dependenceof P(-r) shownin fig. 7 is typical; a sampleof DPPHis crystallized,thenwe have
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~B=l.45Oe, forf=300MHz, T=295K, i~t—min{Q/itf~(thJ)-’} (7.4)

~B=l.3Oe, forf=9.4GHz, T=295K,
a dynamicalprocesswill be realizedwhich cone-

~ 1.3Oe, forf= 300MHz, T= 90 K. (7.1) spondsto Hamiltonian(3.7).Wehavealsoassumed

Theaveragedistancebetweenunpairedelectronsin that temperatureeffectsare small (hw> T). Unfor-
DPPH — l0—~ cm correspondsto the density tunately,this leadsto ratherstrict limitationson the

Po= 1021 cm ~. The thin width and large density temperature:atf= 1 0~GHz the temperatureshould
guaranteea highlevel of PMR signal,allowing mea- be T< 10_i K.
surementswith aslittle as — l0—~g of DPPH.Note, Sofar, thechoiceofparametershasbeenrestricted
thatin experimentseventhinnerPMRlineswereob- to keepthe constantA0 in (2.16) sufficiently large
served.For example,DPPHin a solutionof carbon (A0 0.1). Relaxingthis restrictionallows the pos-
bisulphidehas ~4B= 0.65 Oe; andPicryl-n-amino- sibility of increasingthe resonantfrequencyw. So
car-bazyl [28] (whosestructureis slightly different the dimensionof the resonatorandof the sample
from DPPH),has~AB= 0.25Oewhich corresponds couldbereducedandtheallowedtemperaturecould
to ~Af=70 kHz. be increased.The decreaseof A0 in thiscasewould

Now we give numericalestimatesfor the inter- not precludeobservationof quantumeffectsthatvi-
actionconstantsA0 andA correspondingto a typical olatethe semi-classicalapproximation.
PMR frequencyf= 1 GHz andPo 1021 cm

3. As-
sume k~>>k~, then approximatelyw2~—c2k~and
~ 15 cm. Let usput ~ 40 cm, thensubstituting Acknowledgement
thesevaluesinto (2.16) andassumingl,= 3 cm,1=6
cm gives Twoof theauthors(G.P.B.andE.N.B.)would like

to thank G. DoolenandJ.M.Hymanof the Center
A

0n0.l . (7.2) for NonlinearStudies,Los Alamos NationalLabo-

Varying L~,for example,from L~= 0.4 cm up to ratoryfor theirhospitalityduringthe timewhenthis
L~=40cm onecouldvaryNfrom 7x 1021 cm-

3up work wasperformed.
to 7 x 1023cm ~. ThevalueA

0remainsconstantfor
thesevariations.Weestimatenow thedimensionless
valueof A for the parametervalueschosenabove. References
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